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Elastic wave propagation in fibrous composite materials has been the 
subject of numeroue investigations in recent years. However, the morphology 
of fiber-reinforced composites can seriously complicate the calculation of 
their wave propagation properties. Since it is clearly not practica! to 
attempt a solution of the completely general elastic-wave problem, most 
prior work [1~4] has employed various approximations to render the 
calculations tractable. Our own approach [5,6] to interacting continua 
offers an alternative procedure for modeling the response of composites, 
where in particular, a rational construction of the mixture momentum and 
constitutive~relation interaction terms is given. This theory leads to 
simple wave propagation equations which potentially contain the full 
influence of the microstructure, that is, the distribution of displacements 
and stresses within individual constituents of the composite. 
Interest in the acoustic properties of these inhomogeneous and 
generally anisotropic materiala is heightened by their increasing use in 
applications requiring high stiffness-to-weight ratios. Ultrasonic 
nondestructive evaluation is one useful means to insure the structural 
integrity of fibrous composites. In order to take full advantage of the 
information contained in an ultrasonic test [7], it is helpful to have a 
clear understanding of wave propagation characteristics in the material 
under examination. In a recent paper [8] we presented results of 
experimental measurements and theoretical calculations on ultrasonic leaky 
plate wave propagation in fiber-reinforced, unidirectional composite 
laminates. Comparisons are made for a fluid-loaded glass-epoxy composite 
plates. 
The theoretical model begins with an approximate calculation of the 
effective homogeneous transversely isotropic elastic behavior of a 
unidirectional composite !aminate in the long-wavelength limit, using a two-
step procedure based on alternating layered media. This intermediate 
continuum result is then incorporated into a calculation of the ultrasonic 
1047 
reflection coefficient of a fluid-loaded anisotropic plate, which is assumed 
to approximate the fibrous composite !aminate. 
In the following we shall extend our analysis to the case in which the 
fibers are assumed to be anisotropic. Specifically, we treat the case which 
exhibits transverse isotropy in the direction normal to the fiber direction. 
An important composite example which exhibits this property is the 
unidirectional graphite-epoxy composite. In order to derive the effective 
composite properties we shall extend the analytical procedure outlined in 
[8]. Results of this model will be compared with concurrently acquired 
experimental data. 
THEORETICAL SUMMARY 
We consider the case of an acoustic wave incident on a fiber-reinforced 
composite plate which is immersed in a fluid. In practice, the plate 
consists of small, nearly parallel transversely isotropic fibers of circular 
cross section laid out on an approximately hexagonal array. A coordinate 
system is chosen such that the x axis coincides with the average fiber 
direction and that the z axis is normal to the plate-fluid boundaries. We 
further assume that the plate has infinite extent in the y direction. The 
plan is to approximate the highly structured composite by a continuum, 
retaining the appropriate elastic anisotropy, and to analyze the ultrasonic 
reflection from such a plate to study the behavior of plate waves in these 
materials. 
We now follow the procedure of [8] and employ a building-block approach 
to arrive at the two-dimensional results we seek. First, a layered 
structure composed of fiber and matrix components is analyzed, deriving from 
this parallel-stress model the properties of "compound" layer 1. In the 
Figure 1. Bilayered structure with relevant boundary conditions indicates 
as internediate step in the calculation. 
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second step, the final model for the fibrous composite is established by 
treating the composite as consisting of the two-dimensional "compound" layer 
1 stacked in series with the (matrix) layer 2 (see [8], for details). 
Layered Model 
Consider the bilayered composite of Fig. 1, composed of two types of 
laminates in welded contact and stacked normal to the y direction. The 
translational invariance of the problem permits us to identify the repeating 
unit (located between the two center lines), as indicated in Fig. 1. On 
this cell all continuity and symmetry relations are displayed. The relevant 
equations of motion are given by 
aoij 
ari = pvj ' i,j = 1,2,3 (1) 
which apply for each constituent. The appropriate constitutive relation for 
the isotropic matrix is given by 
( 2) 
and for the transversely isotropic fibers by 
o1j = Fijkieki , i,j,k,i = 1,2,3 (3) 
where appropriate restrictions on the elastic properties Fijk~ to reflect 
transverse isotropy are assumed; these will be discussed later on in the 
analysis. In equations (1), (2) and (3) summation over repeated variable 
indices in the same term is assumed. Vi are the components of the dis-
placement u, v. w; ri are the spatial coordinates x, y. z; and crjk are the 
elements of the elastic stress tensor; the material density is p, and Ă and 
~are the Lame constants for the isotropic material. Following [8], ap-
plying the boundary conditions of Fig. 1 and averaging EQ. (1) across the 
cell thickness followed by invoking the low frequency approximation (i.e. 
u~ + u2 = u and wl + w2 = w [8]) and summing the resulting two equations 
y1elds the momentum mixture equations in the x and z directions 
(4) 
where pc and oij' i,j = x,z are the weighted sums of the respective 
quantities for materiala 1 and 2, e.g. 
(5) 
with n h /(h 1 + h2 ) being the volume fraction of materiala and 2 in the 
a a 
laminated plates model. 
It now remains to derive expressions for the weighted stresses crij" 
This will be obtained from consideration of the constitutive relations 
(2) and (3). To this end, we specialize the relation (3) to that of 
the transversely isotropic case, and for facilitating the following 
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analysis, write it in the expanded form 
F 1 1 au +Fl2 
av 
+ F 1 2 aw (6a) o ax ay az XX 
= F 1 2 au + F 22 av + F2a 
aw (6b) 
oyy ax ay az 
F 12 au F23 
av 
+ F22 aw (6c) o - + ay az zz ax 
aw av aw au) (6d,e) o F ~ ~ ( ay + az), o F 5 5 (ax + yz xz az 
o F Clv au (6f) 
xy 5 5 (ax + ay) 
where F11 , F12 , F22 , F23 , F~~ and F55 stand for F1111 , F1122 , F2222 , F2233 , 
F2323 and F1313 , respectively. 
If the two sets of Eqs. (2) and (6a-f) are averaged across lamina 
thickness for (o.j) , i,j = x,z and a= 1,2, followed by satisfying the 
1 a 
appropriate continuity conditions of Fig. 1 and finally constructing the 
sums (5) one gets 
(FIInl + au + (FI2nl + aw + (FI2- A2)v* (7) o E2n2)ax A2n2)az XX 
(FI2nl au + (F22nl + aw + ( F 2 3 - A 2 ) v* (8) o + A2n2)ax E2n2)az zz 
(9) 
where E2 = A2 + 2~ 2 , ~c (F 55 n1 + ~ 2 n 2 ) is the mixture shear modulus and v* 
is the constitutive relations interaction term given by 
(10) 
with v1(h1) being the interfacial transverse displacement component of 
material 1. By equating the average stress components (~ ) 1 and (~ ) 2 we yy yy 
can solve for v* as 
1 [ au aw1 F E v* = - (A - F )- + (A 2 - F 2 3)~z , G = ~ + ~ G 2 1 2 ax o n 1 n 2 ( 11 ) 
Substituting from (11) into (7) and (8) one finally gets 
o XX 
au aw E - + A - o c ax c az , zz 
( 1 2) 
where 
E 
c 
( 13a) 
A 
c 
( 13b) 
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(13c) 
Equations (4), (5), (9) and (12) constitute the two-dimensional mixture 
equations for the laminated plates model. 
Fibrous Model 
Building on the above calculation we now construct the effective 
elastic properties for a fibrous composite by considering the "compound" 
layer 1 stacked in series with the matrix material of layer 2 normal to the 
z axis. Similar to the procedure of [8] by following the development that 
led to Eqs. (9) and (12) we define new elastic constants appropriate to 
mixtures in parallel and series of the properties of compound layer 1 and 
matrix layer 2. These relations take the series combination form 
* * P = p0 n0 + p2 n2 , E = E0 n0 + E2 n2 
and the parallel combination form 
* E 
* A 
* Il 
( 1 4) 
( 1 5) 
( 1 6) 
* Here n is the volume fraction of the compound layer and n2 is that of the c 
matrix layer (see [8]). Now a new set of two-dimensional field equations 
can be constructed which are formally identical to Eqs. (1), (or equations 
(4) and (5) with p of (5) replaced by p of (14)), but where instead of Eqs. 
c 
(2) and (3) we have the mixture constitutive relations 
E au * aw * aw * au CJ + A 
az 
CJ E 
az 
+ A 
ax X ax z 
(17a,b) 
* (au aw CJ Il + ax). xz az ( 1 7c) 
DERIVATION OF REFLECTION COEFFICIENT 
Consider the fibrous composite modeled above to be in the form of a 
plate of thickness d and immersed in an infinite fluid medium. The upper 
and lower surfaces of the plate are situated at z = O and z = d, and an 
incident harmonic sound wave propagating in the x-z plane insonifies the 
plate. The incident wave vector kf makes an angle 9 with the z axis, and 
all particle motion is assumed to be confined to the x-z plane. The 
calculation of the plane-wave reflection coefficient from a fluid-loaded, 
transversely isotropic plate proceeds in a straightforward manner. 
Substitution of the constitutive relations of Eqs. (17) into the equations 
of motion Eqs. (4) and (5) (with p replaced by p) yields coupled, second-
o 
order partial differential equations for the displacements. Making the 
usual ansatz for the formal solutions leads to a system of linear 
simultaneous equations for the displacement amplitudes. By solving these 
equations and, after applying rather lengthy algebraic reductions and 
manipulations, we derive the following expressions for the reflection and 
the transmission coefficients: 
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R 
AS - Y~ ( 18) (S + iY)(A- iY) 
T 
-iY(S + A) ( 19) (S + iY)(A- iY) ' 
where 
s ( 20a) 
A ( 20b) 
y ( 20c) 
( 20d) 
* * * w. (pc2 - E - <l~jJ ) /[(A + u )aj ' j = 1 '2 
J J 
( 20e) 
and a. are the solutions of the quartic equation 
J 
(E - p2)()J * - pc2) + [ (E - pc 2)E * 
* * * * * * + ( jJ - pc2)JJ - o + u ) 2]a2 + E JJ a~ = o ( 20f) 
In the above expressions c, cf, pf and ~are the phase velocity, fluid wave 
speed, fluid density and wave number, respectively. 
In the absence of the fluid, i.e., for pf =O, the denominators of 
equations ( 18) and (.19) reduce to the characteristic equation for the 
propagation of free (Lamb) waves in the plate. For isotropic materials the 
Lamb characteristic equation has been investigated extensively in the 
literature [9]. In the presence of the fluid, however, very little 
discussion or numerica! investigation exists. Schoch [9] pointed out, while 
investigating isotropic plates, that the condition for total transmission, 
if the presence of the fluid is neglected, coincides with the existence of 
Lamb modes. Following Schoch's arguments, the total transmission condition 
in the presence of the fluid for the present case is given by (see equation 
( 1 8)) 
( 21 ) 
This characteristic equation defines the frequency dependence of the phase 
velocity of total transmission. As will be shown later on in the numerica! 
discussions, dispersion results obtained from this conditions correlate very 
well with experimental data. Accordingly, the condition (21), while 
yielding Lamb-like dispersion curves, is not strictly Lamb's characteristic 
equation. Furthermore, this condition does not necessarily satisfy the 
characteristic equation of the plate in the fluid [10], 
(S + iY)(A- iY) = O ( 22) 
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RESULTS ANO DISCUSSION 
Concurrent with our analytical modeling, we have conducted experimenta 
on a wide variety of fibrous composites. Details of the experimental 
procedure and findings are given in Ref. [11]. For our illustrations we 
first choose a graphite-epoxy composite where fibers are transversely 
isotropic. Moreover, this composite is well characterized in that the 
mechanical properties of its componenta are available. Thus, all required 
parameters in the model are calculated. In calculating its effective 
properties listed in [11] we have taken the fiber volume fraction tobe 
0.65. 
Using the total transmission identification criteria (21) we 
constructed the spectrum of dispersion curves shown in Fig. 2. Also 
displayed on this curve are the extensive experimental data. As may be seen, 
excellent comparison is obtained. Furthermore, both the analysis and 
experimenta display unusual behavior, shown as a backward curving of the 
lowest order mode. Further explanation of this unexpected result is given 
in [ 1 1]. 
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Figure 2. Total transmission dispersion for the graphite-epoxy plate; 
comparison between theory and experiment. 
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Figure 3. Total transmission dispersion for the ceramic plates; 
comparison between theory and experiment. 
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Figure 4. Total transmission dispersion for the graphite-aluminurn plate; 
comparison between theory and experiment. 
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In Figs. 3 and 4 we attempted to compare our analytical and experi-
mental results using the same total transmission criteria for a Nicalon-
BMAS ceramic composite and for a graphite-aluminum metal matrix composite. 
Due to the lack of complete and accurate elastic properties for each 
composite constituents we were unable to construct all of the required 
effective properties needed for our calculations. In the absence of 
the shear modulus of the ceramic matrix, for example, we have estimated 
this property from the experiment which led to the required properties 
listed in [12). Using these properties we were able to well fit the 
data as is seen from Fig. 3. 
In the case of the graphite-aluminum composite sample, not all of 
the elastic constants are known. This type of graphite fiber, Union 
Carbide P-100, has not been as well characterized as the Thornal T-300 
used in the graphite-epoxy sample. Accordingly, we adjusted the effective 
normal extensional elastic constant E* and used the properties listed 
in [12) to generate the comparison in Fig. 4. The fact that, with these 
adjusted parameters, we are able to well compare all modes shows the 
consistency in both the theoretical and experimental investigations. 
In summary, we have calculated the effective homogeneous anisotropic 
elastic behavior of a unidirectional fibrous composite in which the fibers 
are assumed to be transversely isotropic. This has been done in the long-
wavelength limit using a two-step procedure based on alternating layered 
media. This intermediate result has then been incorporated into a 
calculation of the ultrasonic reflection coefficient of a fluid-loaded 
anisotropic plate, which has been taken as an appoximation to the 
inhomogeneous composite !aminate. Numerica! illustrations in the form of 
the variation of the reflection coefficient with frequency are presented for 
graphite-epoxy composite. Also experimental results on wave dispersion in 
the composite plate are compared with corresponding numerica! results. 
Considering the complexity and potential nonideality of the real composite 
and the relative simplicity of our theoretical model, the comparison between 
our calculations and experimental measurements has yielded excellent 
agreement. 
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